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Abstract  

 In this article, define a focus mainly on the 

theory of topological spaces discuss some basic 

definitions and standard result on topology.  

 Prove some important result on the 

different topologies applied in the Hausdorff space. 

If a continuous bijection from a compact space to a 

Housdorff space is a Homeomorphism. 

I. INTRODUCTION 

 The term Topology is derived from the 

Greek language. Topology consists of two Greek 

words. There are meaning of topology is 

“systematic study of site”. 

 The term Topology was introduced by 

JOHANN BENEDICT. Infinite-dimensional spaces 

are ubiquitous in many branches of mathematics 

and their topologies are almost always interesting. 

Basic concepts and preliminaries: 

 In this section, we define some basic 

concepts Hausdorff space, Topological [vector] 

space, Homeomorphism, projection is used in 

topology. 

Definition: [Topological space] 

 A topology on a set X is a collection 𝜏 of 

subset of X having the following properties 

 X and 𝜙 are in 𝜏 

 The union of the element of any sub-collection 

of 𝜏 is in 𝜏. 

 The intersection of the element of finite       

sub-collection of 𝜏 is in 𝜏. A set X for which 

topology 𝜏 has been satisfied is called 

topological space. It is denoted by (X, 𝜏). 

Example 

Let X={a,b,c,d,e} 

𝜏={X, 𝜙,{a},{c,d},{a,c,d},{b,c,d,e}} 

(i) X in 𝜏, 𝜙 in 𝜏. 

(ii) {a}∪{c,d}={a,c,d} in 𝜏. 

(iii) {a} ∩ {c,d}={𝜙} in 𝜏. 

(iv) 𝜏 is a topology on X. 

Definition: [Projection] 

 Let 𝜋1: 𝑋 × 𝑌 → 𝑥 be defined by the 

equation by𝜋1 𝑥, 𝑦 = 𝑥. 

 Let 𝜋2: 𝑋 × 𝑌 ⟶ 𝑦 be defined by the 

equation by 𝜋2 𝑥, 𝑦 = 𝑦. 

 Then 𝜋1 and 𝜋2 are called the projection 

on 𝑋 × 𝑌. 

Definition: [Hausdorff space] 

 A topological space X is called a 

Hausdorff space if for each pair 𝑥1 , 𝑥2 of distinct 

points of X there exist each pair of neighbourhood 

𝑢1and 𝑢2 of 𝑥1 and 𝑥2 respectively that are distinct. 

Definition: Homeomorphism 

 Let X and Y be topological spaces. Let 

𝑓: 𝑋 ⟶ 𝑌 be a bijection if both the function 𝑓 and 

the inverse function 𝑓−1: 𝑌 ⟶ 𝑋 are continuous 

then f is called Homeomorphism. 

Definition [Topological vector space] 

 Let 𝛾 be a vector space endowed with a 

topology 𝜏. The pair (𝛾, 𝜏) called a topological 

vector space if  
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 For every point 𝑥 ∈ 𝛾. The singleton {x} is a 

closed set. 

 The vector space operations are continuous 

with respect to 𝜏. 

Some important results in topological spaces 

Definition: [Discrete Topology] 

Let X is any non empty set and let 𝜏 be the 

collection of all subsets of X. Then 𝜏 is called the 

discrete topological on the set X. Then 𝜏 is called 

the discrete topological on the set X. The 

topological space (𝑋, 𝜏) is called discrete space. 

Theorem: 3.1 

Suppose (𝑋, 𝜏) is the Hausdorff and 𝑋 is 

finite. Then 𝜏 is the discrete topology. 

Proof 

Let 𝑋 be a closed set 

Given: (𝑋, 𝜏) is a Hausdorff space. 

Let x,y ∈ 𝑋 

Then to prove: (𝑋, 𝜏) is the discrete space. 

Since 𝑋 is closed. 

So, {x},{y} are closed there exists U,V be 

the neighbourhood point on 𝑋. 

U∪V=𝜙 

U and V be the distinct set U∈x, V∈y. 

𝑥 =  𝑈1, 𝑈2 … . . 𝑈𝑚  , 𝑦 = {𝑣1 , 𝑉2 , …… . 𝑉𝑛 } 

𝑧 =  𝑈1 ∪ 𝑈2 ∪ ……∪ 𝑈𝑛   & {𝑉1 ∪ 𝑉2 ∪ … . .∪ 𝑉𝑛 } 

𝑧 = {𝑈1 ∪ 𝑉1, 𝑈2 ∪ 𝑉2 …… . 𝑈𝑚 ∪ 𝑉𝑛 } 

Union of the subset of the closed set is 

closed. 

So, All the subset are closed and all the 

subset are in 𝑋. 

∴ (𝑋, 𝜏) is the discrete space. 

Theorem: 3.2 

 A continuous bijection from a compact 

space to a Hausdorff space is a Homeomorphism. 

Proof: 

 Suppose X is compact. 

        Y is Hausdorff 

 𝑓: 𝑋 → 𝑌 is bijective and continuous. 

 Let O be the subset of 𝑋. 

 i.e) O ⊂ X. 

 O ⊂ X is open. 

Then 𝐶 = 𝑋|𝑂 is closed (complement of O). 

 Hence it is compact and also, f(c) is 

compact. 

 Hence it is closed. 

 So, 𝑓(𝑂) = 𝑦/𝑓(𝑐) is open. 

 Hence it is bijective. 

 And also, it is continuous with inverse. 

 Hence, the function „f‟ is a 

homeomorphism. 

Definition: Metrizable 

 If 𝑋 is a topological space, X is said to be 

metrizable if there exists a metric d on the set X 

that induces the topology of X. 

Theorem 3.3 

 Let (𝑆, 𝜏) be a compact topological space. 

If there is a sequence {𝑓𝑛/𝑛 ∈ 𝑁 } of continuous 

real-valued functions that separates point S in S‟ 

then S is metrizable. 

Proof: 

 Since (𝑆, 𝜏) is compact and the 𝑓𝑛  are 

continuous then they are bounded. 

 Thus, we can normalize them such 

that 𝑓𝑛  ≤ 1. 

Define, 

𝑑 𝑥, 𝑦 =  
 𝑓𝑛 𝑥 − 𝑓𝑛 𝑦  

2𝑛

∞

𝑛=1

 

 This series converges. 

 In fact, it converges uniformly on 𝑆𝑥𝑆. 

Hence the limit is continuous. 

 Because the 𝑓𝑛  separate points 𝑑 𝑥, 𝑦 = 0 

if𝑋 = 0, d is also symmetric and satisfies the 

triangle inequality. 

 Thus d is a metric and we denote by 𝜏𝑑 the 

topology induced by this metric. 

 To show that𝜏𝑑 = 𝜏. 

 Consider the matric balls 

 𝐵 𝑋, 𝑟 = {𝑦 ∈ 𝑆/𝑑(𝑥, 𝑦) < 𝑟} 
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Since d is 𝜏 continuous ob 𝑆 × 𝑆 the balls are 

𝜏 − 𝑜𝑝𝑒𝑛 and 𝜏𝑑 ⊂ 𝜏 

Since 𝜏 is compact and 𝜏𝑑  is Hausdorff (like any 

metric space). Then 𝜏 = 𝜏𝑑. 

II. CONCLUSION  

We prove some important results on the 

different topologies applied in the Hausdorf space. 

If a continuous bijection from a compact space to a 

Hausdorff space is a Homeomorphism. 
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